Abstract. We study the irreducible generic cuspidal support up to near equivalence for certain cuspidal automorphic forms of SO 2nþ1 (Theorem 3.2 and Theorem 4.1), by establishing refined arguments in the theory of local and global Howe duality and theta cor- 
Introduction
An automorphic form is called generic if it has a nonzero Whittaker-Fourier coe‰-cient. A precise definition will be given in §2. Generic automorphic forms have played distinguished roles in the modern theory of automorphic forms and L-functions. On one hand, it seems that generic automorphic forms are more accessible to analytic methods. On the other hand, it seems that non-generic automorphic forms are more sensitive to problems arising from arithmetic and number theory. It seems essential at least to the authors to study various relations between generic automorphic forms and non-generic ones. One such relation is the near equivalence relation between generic cuspidal automorphic representations and non-generic ones. Two irreducible automorphic representations are nearly equivalent if at almost all local places, their corresponding local components are equivalent.
The study of the near equivalence relation of automorphic forms originates from the theory of Hecke operators and Hecke eigenforms in the classical theory of modular forms. In the theory of automorphic representations, the notion of near equivalence classes attracts more attention because of the strong multiplicity one theorem for automorphic representations of GLðnÞ by Jacquet and Shalika ( [15] ), and because of the pioneer work of Piatetski-Shapiro on the Saito-Kurokawa lift, where the notion of CAP automorphic representations was introduced ( [29] ).
An irreducible cuspidal automorphic representation is called CAP if it is nearly equivalent to an irreducible constituent of an induced representation from an irreducible automorphic representation on a proper parabolic subgroup. CAP automorphic representations are cuspidal ones whose local components are expected to be non-tempered at almost all local places and hence should be counter-examples to the generalized Ramanujan conjecture. It turns out that CAP automorphic representations exist in general, although Jacquet and Shalika showed that when G ¼ GLðnÞ, no such cuspidal automorphic representations exist ( [15] ). From Arthur's conjecture ( [1] ), CAP representations form global Arthur packets with degenerate Arthur parameters. The existence of CAP representations makes the theory for general reductive groups more delicate than the theory for general linear groups.
Up to near equivalence, the following conjecture describes a basic structure for the discrete spectrum of square integrable automorphic representations. Conjecture 1.1 (CAP conjecture). Let k be a number field and A be the ring of adeles of k. Let G be a reductive algebraic group, which is k-quasisplit. For any given irreducible cuspidal automorphic representation p of GðAÞ, there exists a standard parabolic subgroup P ¼ MN of G (P may equal G) and an irreducible generic cuspidal automorphic representation s of MðAÞ such that p is nearly equivalent to an irreducible constituent of the (normalized or unitarily) induced representation I ðsÞ ¼ Ind
GðAÞ PðAÞ ðsÞ:
We remark first that a version of this conjecture for G ¼ Spð4Þ was stated in the work of I. Piatetski-Shapiro and D. Soudry ([34] and [30] ). Conjecture 1.1 is the natural extension of their conjecture. The point here is that the CAP conjecture above requires the cuspidal datum to be generic, which is clear for the case of Sp 4 ðAÞ.
Secondly, if the parabolic subgroup P in the conjecture is proper, the representation p is a CAP automorphic representation or simply a CAP with respect to the cuspidal data ðP; sÞ. If the parabolic subgroup P equals G, the representation p is nearly equivalent to an irreducible generic (having non-zero Whittaker-Fourier coe‰cients) cuspidal automorphic representation of GðAÞ.
The main interest for us to introduce Conjecture 1.1 is its relation to Arthur's conjecture on the structure of the discrete spectrum of automorphic forms. According to Arthur's conjecture ( [1] ), for each irreducible cuspidal automorphic representation p of GðAÞ, there exists a parabolic subgroup P ¼ MN of G and an irreducible cuspidal automorphic representation t of MðAÞ, which is of Ramanujan type, i.e. each of the local components of t is tempered. Following a conjecture of Shahidi ([33] ), each tempered local L-packet should contain a generic member, which is one of the basic assumptions in Arthur's conjecture, t must be locally generic at almost all local places. Up to near equivalence, we may take t to be locally generic at all local places. Hence the main di¤erence between what comes from Arthur's conjecture and what comes from our CAP conjecture (Conjecture 1.1) is that this irreducible cuspidal automorphic representation t of MðAÞ should be taken to have a nonzero Whittaker-Fourier coe‰cient. In other words, we expect that an irreducible cuspidal automorphic representation p of GðAÞ, which is locally generic at all local places, is nearly equivalent to an irreducible cuspidal automorphic representation of GðAÞ, which has a nonzero Whittaker-Fourier coe‰cient. For this moment, we do not know how to prove this statement in general. However, Part (4) of Theorem 4.1 (or 1.3) of this paper shows that for an irreducible cuspidal automorphic representation p of SO 2nþ1 ðAÞ (the k-split odd special orthogonal group) with a Bessel model of special type (see §2.2 for definition), if one of the unramifield local components of p is generic, then p is nearly equivalent to an irreducible cuspidal automorphic representation of SO 2nþ1 ðAÞ which has a nonzero Whittaker-Fourier coe‰cient. [22] , Theorem 8.1 also supports our expectation. More examples from the theory of automorphic forms will be provided in our future work.
One of the good features of the CAP conjecture (Conjecture 1.1) is that the irreducible generic cuspidal datum ðP; sÞ attached to the irreducible cuspidal automorphic representation p of GðAÞ is expected to be unique up to association class. Hence it is an invariant attached to p for classification up to nearly equivalence. See Theorem 3.2 (or 1.2) for the case of G ¼ SO 2nþ1 For other groups, reasonable modifications may be needed.
Finally, the CAP conjecture (Conjecture 1.1) may be viewed as a global analogy and generalization of the Shahidi conjecture, which asserts that every tempered local L-packet has a generic member. See our previous work on p-adic SO 2nþ1 ([16] and [17] ) for the local generalization of Shahidi's conjecture. Over R, Shahidi's conjecture was proved by D. Vogan ([35] ). The more general version of the CAP conjecture (Conjecture 1.1) can be stated to take care of irreducible cuspidal automorphic representations of G 0 ðAÞ where G 0 is an inner form of the k-quasisplit G. We will not o¤er any further discussion here for this generalization of the CAP conjecture (Conjecture 1.1), but mention that some evidence in this aspect may be found in [30] , [37] , and [31] .
In this paper, we investigate Conjecture 1.1 for G n :¼ SO 2nþ1 , which is the k-split odd special orthogonal group. We prove in §3 that the generic cuspidal data ðP; sÞ in the CAP conjecture is an invariant for irreducible cuspidal automorphic representations up to near equivalence, which is the natural extension of [16] , Theorem 5.3, and [13] , Theorem B, Part 2. More precisely, we prove in §3 Theorem 1.2 (Theorem 3.2). Let ðP; sÞ and ðQ; tÞ be two pairs of generic cuspidal data of G n ðAÞ. If the two induced representations Ind
G n ðAÞ
PðAÞ ðsÞ and Ind
QðAÞ ðtÞ share the same irreducible unramified local constituent at almost all local places, then the two induced representations are equivalent as (global ) representations of G n ðAÞ.
With this theorem at hand, it makes sense to determine the generic cuspidal datum attached to an irreducible cuspidal automorphic representation of SO 2nþ1 ðAÞ up to near equivalence, namely to determine the explicit structure of CAP automorphic representations. It should be noted that various cases of CAP automorphic representations with respect to certain proper parabolic subgroups have been constructed and characterized by many authors. Some remarks and references can be found in [9] . These examples of CAP automorphic representations confirm the CAP conjecture (Conjecture 1.1) positively. However, it seems that not much progress has been made for the characterization of an irreducible non-generic cuspidal automorphic representation to be nearly equivalent to an irreducible generic cuspidal automorphic representation, that is, for the case when P ¼ G. It is clear that such cuspidal automorphic representations are hard to construct. Their existence may follow from the Weyl law in the spectral theory and the stabilization of the ArthurSelberg trace formula.
We introduce in §2 the Fourier coe‰cients and the Bessel models of automorphic forms attached to nilpotent orbits O ½2rþ1; 1 2ðnÀrÞ given by partitions of the form ½2r þ 1; 1 2ðnÀrÞ for 0 e r e n. We consider the k-stable orbits. In the case of the subre-gular nilpotent orbit, the k-stable orbits are parameterized by the square classes of k Â . From Proposition 2.1 and Proposition 2.2, when the k-stable class in the nilpotent orbit O ½2rþ1; 1 2ðnÀrÞ is parameterized by the discriminant of the quadratic form defining SO 2nþ1 , the non-vanishing of one such Fourier coe‰cient of an irreducible cuspidal automorphic representation p of SO 2nþ1 ðAÞ implies that p has a nonzero Whittaker Fourier coe‰cient, which is the Fourier coe‰cient attached to the regular nilpotent orbit. In general, for an irreducible cuspidal automorphic representation p of SO 2nþ1 ðAÞ, there should be a maximal index r A f1; 2; . . . ; n À 1g such that p has a nonzero Fourier coe‰cient attached to a k-rational orbit in O ½2rþ1; 1 2ðnÀrÞ . Such an index is expected to be related to the first occurrence of p in the theory of theta correspondence and to the existence of a certain pole on the positive real axis of the standard L-function associated to p. Since our goal in this paper is to detect a family of irreducible cuspidal automorphic representations which are nearly equivalent to an irreducible generic cuspidal automorphic representation, we investigate how the Fourier coe‰cient attached to the subregular nilpotent orbit plays the role in our theory. The result can be stated as follows. (1) The first occurrence of p in the Witt tower f Sp Sp 2m ðAÞ for m f 1 satisfies n À 1 e m 0; c ðpÞ e n:
(2) Assume that m 0; c ðpÞ ¼ n, i.e. the c-theta lift Y n; n ðp; cÞ of p to f Sp Sp 2n ðAÞ is cuspidal. Then either p is nearly equivalent to an irreducible, generic, cuspidal, automorphic representation of G n ðAÞ, or p is CAP with respect to the cuspidal data
where P 1 is the standard parabolic subgroup whose Levi part is isomorphic to GL 1 Â SO 2nÀ1 , and s is a cuspidal representation of SO 2nÀ1 ðAÞ, such that s n w l is in the image of the c À1 -theta correspondence from a certain c-generic, cuspidal representation of f Sp Sp 2n ðAÞ.
(3) Assume that p is generic at one finite place. Then m 0; c ðpÞ ¼ n.
(4) Assume that p is generic at a finite odd place n, where p n is unramified and l is a unit. Then p is nearly equivalent to a cuspidal generic representation. In particular, p is locally generic almost everywhere.
As a consequence, we obtain the rigidity of the local genericity of irreducible cuspidal automorphic representations, which have nonzero Bessel model of special type ( §2.2). Corollary 1.4. Let p be an irreducible cuspidal automorphic representation of SO 2nþ1 ðAÞ with Bessel models of special type. Then p is either nearly equivalent to an irreducible generic cuspidal automorphic representation p 0 of SO 2nþ1 ðAÞ, or has no generic local components at almost all finite local places.
For this paper, the rigidity of local genericity of irreducible cuspidal automorphic representations of SO 2nþ1 ðAÞ is still conditional, however, general results of this type are ex-pected, since it is compatible with Arthur's conjecture on the SL 2 ðCÞ-types of the discrete automorphic representations ( [1] , [2] , and [3] ). It is not hard to see that this corollary is a reformulation and generalization of the main result of [30] , which is for SO 5 . The proof is based on the ideas of [30] and results from [6] . Basically, it is a refined argument using local and global Howe duality and theta correspondences. To the authors' knowledge, this is the first result proved for higher rank groups in this aspect. The main idea here is to filter irreducible cuspidal automorphic representations by a family of Bessel models or FourierJacobi coe‰cients, which has been used in many occasions in the theory of automorphic forms and L-functions. In §4, we try to explain the idea by filtering cuspidal automorphic representations through the Bessel models attached to the regular and the subregular nilpotent orbits. Some interesting examples of irreducible cuspidal automorphic representations of SO 2nþ1 ðAÞ with the first occurrence being n À 1 are constructed at the end of §4. As explained in Remark 4.7, the discussion in §4 does not quite complete the proof of Conjecture 1.1 for irreducible cuspidal automorphic representations of SO 2nþ1 ðAÞ with Bessel model of special type. However, this will be treated in our forthcoming work by establishing Moeglin's work ( [24] and [25] ) for the reductive dual pairs ðSO 2nþ1 ; f Sp Sp 2m Þ.
It is expected from a certain generalization of the automorphic descent ( [13] ) that there exist irreducible cuspidal automorphic representations of SO 2nþ1 ðAÞ which have no non-trivial Bessel models attached to O ½2rþ1; 1 2ðnÀrÞ for r ¼ n À 1 or n. The corresponding local theory has been suggested through the work of Moeglin and Waldspurger for p-adic fields ( [23] and [27] ) and the orbit method for real or complex reductive groups ( [36] ). Some interesting global results for Sp 2m have been worked out in [14] and in [8] .
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Nilpotent orbits and Bessel models
Let k be a field of characteristic zero. Let À V 2nþ1 ; ðÁ ; ÁÞ Á be a nondegenerate quadratic vector space over k of dimension 2n þ 1 with Witt index n. The symmetric bilinear form is given by
where we define J n :¼
We may choose a basis fe 1 ; . . . ; e n ; e 0 ; e Àn ; . . . ; e À1 g ð2:2Þ
such that
For each r A f1; 2; . . . ; ng, we have the following partial polarization:
where X r is a totally isotropic subspace of dimension r and X Ã r is the dual of X r with respect to the non-degenerate bilinear form ðÁ ; ÁÞ, and the subspace V 2ðnÀrÞþ1 is the orthogonal complement of X r l X Ã r . Without loss of generality, we may assume that X r is generated by e 1 ; . . . ; e r and X Ã r is generated by e Àr ; . . . ; e À1 .
We first consider a family of special nilpotent orbits of the odd special orthogonal Lie algebra so 2nþ1 ðkÞ, k is the algebraic closure of k, and then consider the k-rational orbit structures in case k is a number field. Attached to such k-rational orbits, we define for an automorphic form, Fourier coe‰cients and Bessel models.
2.1.
A family of special nilpotent orbits. We first consider the absolute theory over the algebraic closure k of k. Without loss of generality, we may consider the theory over C, the field of complex numbers.
We recall basic facts on nilpotent orbits of complex classical Lie algebras from [5] . For so 2nþ1 ðCÞ, the nilpotent orbits or nilpotent conjugacy classes are in one to one correspondence with the partitions of 2n þ 1 with even parts occurring with even multiplicity. Using the notation from [5] , the set of such partitions is denoted by P 1 ð2n þ 1Þ. We call such partitions odd orthogonal partitions.
For r A f0; 1; 2; . . . ; ng, the partition ½2r þ 1; 1 2ðnÀrÞ belongs to P 1 ð2n þ 1Þ. By [5] , Theorem 6.3.7, the partition ½2r þ 1; 1 2ðnÀrÞ is special for every r A f0; 1; 2; . . . ; ng and also the involution of partitions stabilizes this family of special partitions. The nilpotent orbit corresponding to ½2r þ 1; 1 2ðnÀrÞ is denoted by
The orbit corresponding to a special partition is called a special nilpotent orbit. It is easy to see that this family of special nilpotent orbits is linearly ordered. When r ¼ n, O n; n ¼ O ½2nþ1 is the regular nilpotent orbit, and when r ¼ 0,
The following discussion is trivial when r ¼ 0. Hence we assume that r 3 0. For each r A f1; 2; . . . ; ng, there is a standard parabolic Lie subalgebra p and nilpotent radical n r n , whose quotient modulo its derived subalgebra ½n r n ; n r n is given by n r n =½n r n ; n r n G C lðrÀ1Þ l C lð2ðnÀrÞþ1Þ :
Hence we may assume that the above space is zero when r ¼ 0. When r 3 0, the adjoint action of m r n on n r n induces an action of ðGL 1 Þ r Â SO 2ðnÀrÞþ1 on the a‰ne space C lðrÀ1Þ l C lð2ðnÀrÞþ1Þ such that for each 
lð2ðnÀrÞþ1Þ . By Witt's theorem, we know that the a‰ne space V 2ðnÀrÞþ1 with the group action of GL 1 Â SO 2ðnÀrÞþ1 is a regular prehomogeneous vector space and decomposes over C (or k) into three orbits
where Z 0 is the set of all nonzero isotropic vectors with respect to the bilinear form and Z 1 is the set of all anisotropic vectors with respect to the bilinear form. It is clear that Z 1 is the Zariski open orbit.
It is important to remark that the above discussion works as well if one replaces the ground field C by the algebraic closure of a number field or a local field of characteristic zero.
In the sequel, we denote by k a number field or a local field of characteristic zero and by k the algebraic closure of k.
We will use the notion of k-stable orbits to discuss the k-rationality of the nilpotent orbits and parameterization. For a detailed discussion of k-stable orbits, we refer to [18] .
The k-stable nilpotent orbits associated to the k-nilpotent orbit O ½2rþ1; 1 2ðnÀrÞ ðkÞ are in one to one correspondence with the k-stable orbits associated to the k-orbit Z 1 ðkÞ. Note that the k-rational orbit Z 0 ðkÞ is k-stable, since Witt's theorem holds for number fields or local fields of characteristic zero.
If r 3 n, in the Zariski open k-orbit Z 1 ðkÞ, one has the following parameterization of the k-stable orbits of GL 1 ðkÞ Â SO 2ðnÀrÞþ1 ðkÞ in terms of the square classes of k Â :
where the set Z l 1 is defined by
It is clear that the set Z l 1 is a single k-rational orbit of GL 1 ðkÞ Â SO 2ðnÀrÞþ1 ðkÞ. Note that Z 0 ðkÞ is a single k-rational orbit of GL 1 ðkÞ Â SO 2ðnÀrÞþ1 ðkÞ. If r ¼ n, then V 2ðnÀrÞþ1 is one dimensional and has the decomposition
Â is a single GL 1 ðkÞ-orbit. Therefore the k-stable regular nilpotent orbit O ½2nþ1 ðkÞ is a single k-rational orbit. l is given by the following formula:
Proof. By (2.3), the quadratic subspace V 2ðnÀrÞþ1 is provided with the quadratic form defined by (2.1) with n replaced by n À r. Hence the Witt index of V 2ðnÀrÞþ1 is n À r.
Hence the subspace u If l E d modðk Â Þ 2 , we may choose a pair of orthogonal vectors u l , v l in the orthogonal complement of e 0 in V 2ðnÀrÞþ1 such that fu l ; v l g generates a hyperbolic plane and u l A Z l 1 . For example, we may choose
Then we may express the quadratic space V 2ðnÀrÞþ1 as
where the subspace V 0 2ðnÀrÀ1Þþ1 is orthogonal to ku l ? kv l , has the Witt index n À r À 1, and is isomorphic to V 2ðnÀrÀ1Þþ1 (as in (2.3) 
Then GLðX r Þ is isomorphic to GLðrÞ. Let U r be the standard maximal unipotent subgroup of GLðrÞ. Recall from §2.1 that elements in N r n (the unipotent radical, corresponding to n r n ) can be written as
where u A U r . Let A be the ring of adeles of k and let c be a nontrivial additive character of A which is trivial on k. We define a character c n; r; l of N r n ðAÞ by c n; r; l ðnÞ :¼ cðu 1; 2 þ Á Á Á þ u rÀ1; r Þc À ðx Á u l ; e r Þ Á : ð2:9Þ
Recall that we may view x as an element in HomðV 2ðnÀrÞþ1 ; X r Þ. Here, u l is an element of Z l 1 , i.e. it is an anisotropic vector in V 2ðnÀrÞþ1 such that
To define the character c n; r; l , we have to choose such a u l first and fix it. If one chooses any other vector in the k-rational orbit Z l 1 , one may replace l in the character c n; r; l by another number in the square class of l. It is clear that c n; r; l is trivial on N r n ðkÞ. Now we are ready to define the Fourier coe‰cient of automorphic forms attached to the nilpotent orbit O ½2rþ1; 1 2ðnÀrÞ . Let j be an automorphic form on SO 2nþ1 ðAÞ. We define 
Again if
In this case we define D l to be SO 2n .
If r ¼ n, then the Fourier coe‰cient F c n; n; l ðg; jÞ is the usual Whittaker-Fourier coefficient. Since the k-stable regular nilpotent orbit O ½2nþ1 ðkÞ is a single k-rational orbit, the non-vanishing of the Whittaker-Fourier coe‰cient F c n; n; l ðg; jÞ is independent of the choice of l. In this case, D l is the identity.
In general, the Fourier coe‰cient F c n; r; l ðg; jÞ is left D l ðkÞ-invariant, and hence it produces an automorphic function on D l ðkÞnD l ðAÞ. If this integral is not identically zero, we say that j has a nonzero Bessel model of type ðD l ; f; c n; r; l Þ. Of course we have to assume the convergence of the integral in order to define the Bessel model by such an integral.
Fourier coe‰cients
Recall that the group G n ¼ SO 2nþ1 is k-split, and associated to the symmetric matrix (2.1)
It is clear that the number d is uniquely determined up to square classes in k Â .
Proposition 2.2. Assume that l A k Â satisfies l 1 d modðk Â Þ 2 and r ¼ n À 1. An irreducible cuspidal automorphic representation p of G n ðAÞ has a non-zero Fourier coe‰cient F c n; nÀ1; l ðÁ; j p Þ attached to the nilpotent orbit O ½2nÀ1; 1 2 if and only if p is generic, i.e. p has a non-zero Whittaker-Fourier coe‰cient. Note that the Whittaker-Fourier coe‰cient is the one attached to the regular nilpotent orbit O ½2nþ1 .
Proof. The proof is based on the Rankin-Selberg integrals given by Novodvorski in [28] , which represent the tensor product L-function for SO 2nþ1 Â GL 1 . These integrals have the form B c n; nÀ1; l ðj p ; n n j Á j s Þ (see (2.11) for r ¼ n À 1), and D l G k Â . Hence automorphic forms f on D l ðAÞ are of the form n n j Á j s , where n is a character of k Â nA Â . The main identity which makes these integrals Eulerian is
Here the real part of s is su‰ciently large, and W c n; n; d j p ðgÞ is the Whittaker-Fourier coe‰-cient of the automorphic form j p with respect to the generic character c ¼ c n; n; d . For g A GL n , we denote mðgÞ ¼ g 0 0 g Ã . If F c n; nÀ1; l is non-zero, then there exists a character n, such that the Mellin transform B c n; nÀ1; l ðj p ; n n j Á j s Þ is non-zero, for some j p . Hence the last integral is non-zero, and so is W c n; n; d j p . Therefore, p is generic.
Conversely, if W c n; n; d j p is non-trivial, then we use the fact that, for decomposable data, the last integral is a product of the corresponding local integrals over all places. For each local integral, and for each fixed real value s 0 , which we may take to be very large, we may choose data, at that local place, so that the local integral is holomorphic and nonzero at s 0 . The local integrals, at the places o, where all data are unramified, are equal to the local L-function Lðs; p o n nÞ. Thus, for a suitable choice of data, we get that the last integral equals a S ðs; j p ÞL S ðs; p n nÞ, where S is a finite set of places, outside of which all data are unramified, and a S ðs; j p Þ is the product of the local integrals at S, which, as we just mentioned, is holomorphic and non-zero at s 0 , by our choice of data. The partial L-function L S ðs; p n nÞ is, of course, non-zero at s 0 . We conclude that B c n; nÀ1; l ðj p ; n n j Á j s 0 Þ is nonzero. Hence the Fourier coe‰cient F c n; nÀ1; l is non-zero. r Remark 2.3. From the last proof, it is clear that if p is generic and the central L-value L S ð1=2; p n nÞ is non-zero, then p has a Bessel model of type ðR l ; n; c l Þ, where l 1 d modðk Â Þ 2 , and n is viewed as a character of D l in the case of r ¼ n À 1.
Remark 2.4. By using Ginzburg's work ( [7] ), which generalizes [28] to represent the tensor product L-functions for SO 2nþ1 Â GL m (generic cases) and the same argument used in the proof of Proposition 2.2, we can show that for l A k Â with l 1 d modðk Â Þ 2 and r A f1; 2; . . . ; n À 2g, an irreducible cuspidal automorphic representation p of G n ðAÞ is generic if and only if p has a non-zero Bessel model of type À D l ; EðÁ; F t; s Þ; c n; r; l Á for the real part of s large, where EðÁ; F t; s Þ is the Eisenstein series of SO 2ðnÀrÞ ðAÞ with cuspidal datum ðP nÀr ; tÞ supported on the Siegel parabolic subgroup P nÀr of SO 2ðnÀrÞ . Such Bessel models involve the central value of the tensor product L-function for generic cuspidal automorphic representations p of SO 2nþ1 and t of GL nÀr . For more detailed discussion in this aspect, we refer to [10] and [11] .
Rigidity of generic cuspidal data in Conjecture 1.1
In this section, we prove that generic cuspidal data as in Conjecture 1.1 are invariants for the classification of automorphic representations up to near equivalence.
It is a well-known theorem that every irreducible cuspidal automorphic representation of GL n ðAÞ is generic (i.e. having non-zero Whittaker-Fourier coe‰cients). This follows from the Whittaker-Fourier expansion of cuspidal automorphic forms of GL n ðAÞ. Moreover, Jacquet and Shalika proved the following theorem. It follows that there are no CAP automorphic representations on GL n ðAÞ. We prove an analogue of Jacquet-Shalika's Theorem for G n :¼ SO 2nþ1 with generic cuspidal data. For the parabolic subgroup P ¼ G n , this was proved in [16] and in [13] . 
Without loss of generality, we may assume that the s i 's and t j 's are real numbers and satisfy By the explicit Langlands functorial lift from P gc ðG m Þ to PðGL 2m Þ (see [13] and [4] 
respectively.
By assumption, we know that the last two induced representations of GL 2n ðAÞ ((3.9) and (3.10)) have the same irreducible local unramified constituents at almost all local places. By the Theorem of Jacquet and Shalika, we know that the last two induced representations are equivalent, in the following sense: the two corresponding parabolic subgroups P n 1 ;...; n r ; e 1 ;...; e p ; n r ;...; n 1 and P m 1 ;...; m l ; f 1 ;...; f q ; m l ;...; m 1 and the two cuspidal representations in (3.9) and (3.10), respectively, are associate. This means that r ¼ l, p ¼ q; and, after a reordering, n i ¼ m i , s i ¼ t i , and s i G t i for i ¼ 1; 2; . . . ; r; and e j ¼ f j and x j G h j for j ¼ 1; 2; . . . ; p.
Finally, since both irreducible generic cuspidal automorphic representations s 0 and t 0 share the same image
under the Langlands functorial lifting from SO 2nþ1 to GL 2n , we conclude that s 0 must be equivalent to t 0 by [16] , Theorem 5.2, i.e. the Langlands functorial lifting is injective when restricted to the irreducible generic cuspidal automorphic representations of SO 2nþ1 ðAÞ. Therefore, the cuspidal data ðP; sÞ and ðQ; tÞ are associate. r Theorem 3.2 has the following consequences which are important to the understanding of the CAP conjecture (Conjecture 1.1) and the structure of the discrete spectrum of SO 2nþ1 ðAÞ. (1) Any irreducible generic cuspidal automorphic representation p of G n ðAÞ can not be a CAP with respect to a generic, proper, cuspidal datum.
(2) If two pairs of generic cuspidal data ðP; sÞ and ðQ; tÞ, are nearly associate, i.e. their local components are associate at almost all local places, then they are globally associate. 
Non-generic automorphic forms
As remarked at the end of §2, the k-rational structure of the nilpotent orbit with which the Fourier coe‰cient is defined is expected to have deep impact on the structure of irreducible cuspidal automorphic representations. We consider here the case when the nilpotent orbit is of subregular type.
We first investigate irreducible cuspidal automorphic representations with Bessel models of special type and their relation with generic cuspidal automorphic representations.
We recall from 2.2 that a Bessel model of an irreducible cuspidal automorphic representation p of G n ðAÞ attached to the sub-regular nilpotent orbit O ½2nÀ1; 1 2 is given by the integral in (2.11) for r ¼ n À 1. In this case, D l is a k-rational form of SOð2Þ, and the Bessel model is called of type ðD l ; n; c n; nÀ1; l Þ, where n is a character of D l ðAÞ that is trivial on D l ðkÞ. When the character n is trivial, the corresponding Bessel model is called of special type, i.e. of type ðD l ; 1; c n; nÀ1; l Þ. Because of Proposition 3.4, we assume from now on that l E d modðk Â Þ 2 .
Bessel models of special type (nearly generic case).
Denote by a l the Hilbert symbol ðÁ; lÞ, and by w l the composition of a l with the spinor norm on G l ¼ SO 2lþ1 . We shall show that an irreducible cuspidal automorphic representation of G n ðAÞ with a Bessel model of special type ðD l ; 1; c n; nÀ1; l Þ, where l E d modðk Â Þ 2 , has significant properties related to various theta liftings to metaplectic groups f Sp Sp 2m ðAÞ for m f 1.
The proof of these properties uses both global and local Howe correspondences. We recall first some basic facts on Weil representations and theta liftings in the special cases needed for the proof. The ideas go back to [30] , [6] , and [16] .
We consider the reductive dual pair ðO 2nþ1 ; Sp 2m Þ in a symplectic group Sp 2mð2nþ1Þ . Note that we only consider the k-split orthogonal group O 2nþ1 . For a non-trivial additive character c of knA, one has the Weil representation o c of f Sp Sp 2mð2nþ1Þ ðAÞ (the metaplectic double cover of Sp 2mð2nþ1Þ ðAÞ), acting in the Schrö dinger model SðA ð2nþ1Þm Þ, the space of all Bruhat-Schwartz functions on A ð2nþ1Þm . For basic formulas of the action of certain subgroups, we refer to [6] The first theorem we want to prove is stated as follows.
Theorem 4.1. Let p be an irreducible cuspidal automorphic representation of G n ðAÞ with a Bessel model of special type ðD l ; 1; c n; nÀ1; l Þ, where l E d modðk Â Þ 2 . Then p enjoys the following four properties:
(1) The first occurrence of p in the Witt tower f Sp Sp 2m ðAÞ for m f 1 satisfies n À 1 e m 0; c ðpÞ e n:
(4) Assume that p is generic at a finite odd place n, where p n is unramified and l is a unit. Then p is nearly equivalent to a cuspidal generic representation. In particular, p is locally generic almost everywhere. This theorem will be proved step by step in the rest of this section.
We prove first Part (1) of Theorem 4.1, which we single out as a separate theorem. Proof. By [6] , Proposition 1, the space Y n; n ðp; cÞ is c l -generic. In particular, Y n; n ðp; cÞ is a non-zero automorphic representation of f Sp Sp 2n ðAÞ. Thus, m 0; c ðpÞ e n. Here, the character c l is as follows. LetB B ¼T T Á U be the Borel subgroup of f Sp Sp 2n with U the maximal unipotent subgroup. If we denote, for u A U A , by x i its coordinate associated to the i-th simple root a i ði ¼ 1; 2; . . . ; nÞ, then the character c l is defined by
Next we will show that Y n; m ðp; cÞ ¼ 0, for m < n À 1. Assume, for simplicity, that d ¼ 1. The proof is based on the local analog of this statement, which is an extension of our previous work in [16] . Fix a finite place n, and let m < n À 1. We will show that there is no irreducible representation t n of f Sp Sp 2m ðk n Þ, such that Homðo c n n t n ; p n Þ 3 0:
Here o c n is the local Weil representation, of f Sp Sp 2mð2nþ1Þ ðk n Þ, at the place n, restricted to the dual pair À O 2nþ1 ðk n Þ; f Sp Sp 2m ðk n Þ Á . The proof is entirely similar to [16] , p. 754-759.
As in [16] , denote by W m the 2m-dimensional symplectic space over k n , on which f Sp Sp 2m ðk n Þ acts. We take a right action. Choose two transversal Lagrangian subspaces, 
We also use the notations in the beginning of Section 2. Let l be a non-trivial linear Bessel functional of special type ðD l ; 1; c n; nÀ1; l Þ, on the space V p n of p n , i.e. l satisfies l À p n ðtuÞv Á ¼ c n; nÀ1; l ðuÞlðvÞ:
ðk n Þ, and v A V p n . We abbreviate c n to c. Composing l with a nontrivial element of Homðo c n n t n ; p n Þ, we get, as in [16] , (2.9), a non-trivial bilinear form b on
(where V t n is the space of t n ), which satisfies Here o is the (standard) long Weyl element in GLðn À 1Þ, and Gr denotes the Gram matrix. As in [16] , p. 755, we conclude that for each fixed x, b is supported on
The same proof as in [16] , p. 756-758 shows that, for b to be non-zero, it has to be supported in the subvariety of C 0 , where w 1 ; . . . ; w nÀ1 are linearly independent. This is impossible when m < n À 1. r
If we continue the last proof, for m ¼ n À 1, as we did in [16] , Cor. 2.1, we find that if b is non-zero, then t n needs to be c l -generic. Choose then a c l -Whittaker functional w l on V t n . The bilinear form b is then determined uniquely, up to scalar multiples by bðj; xÞ ¼ Ð
Here S is the Siegel radical and eðlÞ ¼ e n À l 2 e Àn . In order to get the last result, we have to use the action in our mixed model of Let us record this local result in the following theorem.
Theorem 4.3. Let F be a finite extension of a p-adic number field Q p . Let p be an irreducible representation of SO 2nþ1 ðF Þ, which has a non-trivial Bessel functional of special type ðD l ; 1; c n; nÀ1; l Þ. Assume that t is an irreducible representation of f Sp Sp 2nÀ2 ðF Þ which is a nontrivial local c-Howe lift of p to f Sp Sp 2nÀ2 ðF Þ. Then t is c l -generic.
Assume now that m 0; c ðpÞ ¼ n, i.e. the c-theta lift of p to f Sp Sp 2n ðAÞ is cuspidal. This is certainly the case if p is locally generic at one finite place. Indeed, By [16] , Proposition 2.1, if n is a finite place, where p n is generic, then p has no non-trivial local c-Howe lifts to f Sp Sp 2m ðk n Þ, for any m < n. This also proves (3) of Theorem 4.1. By [6] , Y n; n ðp; cÞ is c l -generic. Consider now the c l -theta lift Y n; n ðp; c l Þ of p. This representation is also cuspidal, since it is obtained from the former by an outer conjugation by an element of GSp 2n ðkÞ, which has similitude factor l. See [26] , p. 36. Again, by [6] , Y n; n ðp; c l Þ is c 1 -generic.
Lets s be an irreducible c 1 -generic summand of Y n; n ðp; c l Þ. Thens s is, of course, cuspidal. Now, consider the c À1 -theta lift ofs s to SO 2nþ1 ðAÞ. By [6] , Proposition 3, Y n; n ðs s; c À1 Þ is generic. This is just due to the fact thats s is c 1 -generic. The question is whether Y n; n ðs s; c À1 Þ is cuspidal. Let n 0; c À1 ðs sÞ be the first occurrence ofs s in the k-split Witt tower SO 2n 0 þ1 ðAÞ for n 0 f 1 of the c À1 -theta lifts ofs s. Then we have Proof. We already noted that n 0; c À1 ðs sÞ e m. The second inequality follows from [16] , Corollary 2.2. r Thus, there are two possible cases. Either Y n; n ðs s; c À1 Þ is cuspidal, or Y n; nÀ1 ðs s; c À1 Þ is (non-zero) cuspidal. Recall that in the second case, the constant term of Y n; n ðs s; c À1 Þ, along the unipotent radical of the parabolic subgroup P 1 is j Á j 1=2 n Y n; nÀ1 ðs s; c À1 Þ;
where P 1 has the Levi subgroup isomorphic to GL 1 Â SO 2nÀ1 . This is Rallis' theory of the tower structure of theta correspondences ( [32] ). Let us consider each case separately.
Assume that n 0; c À1 ðs sÞ ¼ n. Then Y n; n ðs s; c À1 Þ is cuspidal, and generic by [6] . Let w l be the quadratic character obtained by composing the spinor norm with the Hilbert symbol a l ðxÞ ¼ ðx; lÞ. We will soon show that each irreducible summand of Y n; n ðs s; c À1 Þ n w l is nearly equivalent to p. This will imply that p is nearly equivalent to a generic cuspidal representation, i.e. the first possibility in Part (2) of Theorem 4.1.
Assume next that n 0; c À1 ðs sÞ ¼ n À 1. Let s 0 be an irreducible summand of Y n; nÀ1 ðs s; c À1 Þ. Then, by Rallis' tower theory ( [32] ), the irreducible constituents of Y n; n ðs s; c À1 Þ are locally isomorphic, at almost all local places, (nearly equivalent) to those of Ind G n ðAÞ
where h l; v is given by
By the basic properties of gða; c v Þ as stated in [20] , Lemma 4.1, one has gðt 1 Á Á Á t n ; c l v Þ gðt 1 Á Á Á t n ; c 1; v Þ ¼ ðt 1 Á Á Á t n ; lÞ k v :
This shows that the spherical local component at v of an irreducible summand of Y n; n ðs s; c Finally, assume that p n is generic and spherical at a given finite, odd place n, where l is a unit. We have already noted before that m 0; c ðpÞ ¼ n. Let us show, using the notation above, that n 0; c À1 ðs sÞ ¼ n. If this is not the case, then n 0; c À1 ðs sÞ ¼ n À 1, and by what we proved before, p n is the spherical constituent of a representation of the form Ind G n ðk n Þ P 1 ðk n Þ ða l n j Á j 1=2 n s n Þ;
where s n is an unramified representation of G nÀ1 ðk n Þ, say induced from the unramified characters b 1; v ; . . . ; b nÀ1; v . It is easy to see that the spherical constituent of the last induced representation is equal to the spherical constituent of Ind G n ðk n Þ Qðk n Þ ðb 1; v n Á Á Á n b nÀ1; v n w l; v Þ;
where Q is the standard parabolic subgroup of G n , whose Levi part is isomorphic to ðGL 1 Þ nÀ1 Â SO 3 , and here w l; v denotes the composition of the spinor norm on G 1 ¼ SO 3 with the character a l; v (the local Hilbert symbol). Now it is clear that this spherical component can not be generic. This is a contradiction. Hence Part (4) of Theorem 4.1 follows. This completes the proof of Theorem 4.1.
properties. Let us start with an irreducible, cuspidal, automorphic representationt t of f Sp Sp 2nÀ2 ðAÞ, which is globally c l -generic, and its c À1 -theta lift to SO 2nþ1 ðAÞ, denoted by Y nÀ1; n ðt t; c À1 Þ, is cuspidal. Then, an analogous repetition of the proof of Theorem 4.3 shows that Y nÀ1; n ðt t; c À1 Þ is non-trivial, and has a non-zero Bessel model of special type with respect to l. Let p be an irreducible summand of Y nÀ1; n ðt t; c À1 Þ with a non-zero Bessel model of special type. As before, the c À1 l -theta lift oft t to SO 2nÀ1 ðAÞ is non-trivial and generic. We already know, by Lemma 4.4 , that the following inequalities hold: n À 2 e n 0; c l ðt tÞ e n À 1:
Assume first, that n 0; c l ðt tÞ ¼ n À 1, i.e. the c l Þ, which is generic. Then by the computations of unramified parameters carried out at the end of the last section, it is clear that p is CAP with respect to the cuspidal data À P 1 ; j Á j 1=2 n ðp 0 n w l Þ Á .
Consider now the case n 0; c l ðt tÞ ¼ n À 2. Let p 00 be an irreducible summand of Y nÀ1; nÀ2 ðt t; c where P 0 1 is the standard parabolic subgroup of SO 2nÀ1 , whose Levi part is isomorphic to GL 1 Â G nÀ2 . We conclude, by the computations of unramified parameters carried out at the end of the last section, that p is CAP with respect to the cuspidal data À P 1; 1 ; j Á j 1=2 n a l j Á j 1=2 n ðp 00 n w l Þ Á ;
where P 1; 1 is the standard parabolic subgroup of G n , whose Levi part is isomorphic to
We proved Theorem 4.6. Lett t be an irreducible, cuspidal, (genuine) automorphic representation of f Sp Sp 2nÀ2 ðAÞ, which is globally c l -generic (l is not in the square class of d as assumed in Theorem 4.1). Then the c À1 -theta lift oft t to SO 2nþ1 ðAÞ, Y nÀ1; n ðt t; c À1 Þ, is non-trivial, and has a Bessel model of special type ðD l ; 1; c n; nÀ1; l Þ. Assume that Y nÀ1; n ðt t; c À1 Þ is cuspidal.
Let p be an irreducible summand of Y nÀ1; n ðt t; c À1 Þ, which has a Bessel model of special type ðD l ; 1; c n; nÀ1; l Þ. Then p is a CAP representation, with respect to either the cuspidal data ðP 1 ; j Á j 1=2 n sÞ;
where s is an irreducible, generic, cuspidal, automorphic representation of G nÀ1 ðAÞ, or the cuspidal data ðP 1; 1 ; j Á j 1=2 n a l j Á j 1=2 n s 0 Þ; where s 0 is an irreducible, cuspidal, automorphic representation of G nÀ2 ðAÞ.
Remark 4.7. The representation s 0 in the last theorem is locally generic at all finite places. This follows from [16] , Cor. 2.2(3). s 0 should be globally generic, and the proof
